In this work, a higher-order irrotational strain gradient plasticity theory is studied in the small strain regime. A detailed numerical study is based on the problem of simple shear of a non-homogeneous block comprising an elastic-plastic material with a stiff elastic inclusion. Combinations of micro-hard and micro-free boundary conditions are used. The strengthening and hardening behaviour is explored in relation to the dissipative and energetic length scales. There is a strong dependence on length scale with the imposition of micro-hard boundary conditions. For micro-free conditions there is marked dependence on dissipative length scale of initial yield, though the differences are small in the post-yield regime. In the case of hardening behaviour, the variation with respect to energetic length scale is negligible. A further phenomenon studied numerically relates to the global nature of the yield function for the dissipative problem; this function is given as the least upper bound of a function of plastic strain increment, and cannot be determined analytically. The accuracy of an upper-bound approximation to the yield function is explored, and found to be reasonably sharp in its prediction of initial yield.
Introduction
Experiments on metallic specimens at the micro scale (approximately 10µm to 100µm) show significant size-dependence which conventional theories of plasticity are not able to capture.
These include experiments on torsion [6] , indentation [2, 21, 19, 12] , bending [20] , and thin film applications [22] . For all these cases there may be different explanations; however, there is general agreement about a size-dependence of hardening (the increase in the stress needed to obtain a given plastic strain with the increase of the energetic length scale) and/or strengthening (the increase of the initial yield stress with the increase in magnitude of the dissipative length scale). There is thus a clear motivation for the inclusion of material length scales for constitutive models at the microscale.
Size-dependent effects may be incorporated in conventional plasticity theories by assuming, for example, that the yield stress depends on the plastic strain and its gradient (see for example [1] ).
Theoretical models that have become widely studied and adopted include those of Anand and Gurtin [10, 11] for rate-dependent materials, and Gudmundson [9] and Fleck and Hutchinson [5] for both rate-independent and -dependent materials. In these models, gradient effects are accounted for either through their inclusion in the free energy, or in the flow relation. These are referred to, respectively, as energetic and dissipative models, with the associated length scales having a similar nomenclature. The two models can be shown to lead to distinct size-dependent responses, with energetic models accounting for an increase in hardening with increase in length scale, while for dissipative models the corresponding dependence is with respect to strengthening behaviour.
A distinctive feature of dissipative models pertains to their behaviour under non-proportional loading. This was first explored in [7] , in which it was shown in the context of simple example problems that the response following a change in the boundary conditions for plastic strain, when applied in the post-yield range, is initially purely elastic. This phenomenon, known as the elastic gap, has been further studied in [3, 13, 15] .
In the dissipative strain gradient model, the flow relation is given in terms of the microscopic stresses. This cannot be used to determine yield locally, since the microscopic stresses are unknown. It has been shown, however [17] , that the flow relation can be expressed in terms of the Cauchy stress through a global formulation using the dissipation function. The form of the flow relation in terms of the yield function and a normality law can then be obtained from a dualization procedure. However, it is not possible to invert this relation in closed form to obtain the generalized plastic strain rate as the normal to a global yield function [3] . Upper bounds to the yield function are explored in [3] , as well as in the recent work [14] , in the context of simple shear.
The aim of this study is to explore numerically a strain-gradient plasticity model, under conditions of non-homogeneous deformation. The intention is to augment various studies based on problems involving one-dimensional deformation by examining the implications of variation in deformation, stress, and other variables, in two dimensions. The model used is a rateindependent formulation presented in [18, 17] , which is in turn based on the thermodynamically consistent strain-gradient theory of Gurtin and Anand ( [11] ). The defect energy is based on Nye's tensor as proposed and adopted in [15] .
We investigate strengthening and hardening; the elastic gap in the case of non-proportional loading; and the global flow relation for the purely dissipative problem.
The rest of this work is organised as follows. We introduce the governing equations and corresponding weak formulation in Section 2. The formulation for the global flow relation is discussed further in Section 3. Section 4 is devoted to the numerical study, and some concluding remarks are presented in Section 5.
Governing equations
We consider a body occupying a domain Ω with boundary Γ. Assuming quasistatic behaviour, the equation of macroscopic equilibrium is given by
in Ω, where σ is the stress and b the body force. The boundary conditions are The strain tensor ε ε ε is decomposed into elastic and plastic constituents ε ε ε e and ε ε ε p , respectively:
We assume no volume change accompanying plastic behaviour, so that
The elastic relation is σ σ σ = C(ε ε ε − ε ε ε p ); (2.6) for isotropic linear elasticity the elasticity tensor C is given by
Here λ and µ are the Lamé parameters, and I is the identity tensor.
We define a symmetric and deviatoric microstress ρ ρ ρ power conjugate to the plastic strain ratė ε ε ε p and a third-order microstress K power conjugate to the gradient of plastic strain rate ∇ε ε ε p [11] . The quantity K is symmetric and deviatoric in its first two indices. We also define a defect stress ζ ζ ζ conjugate to the dislocation density tensor [10] 
The generalized stress S and plastic strain Γ are the ordered pairs
with magnitudes
Here L is a dissipative material length scale, and the inner product of the two generalized quantities is denoted by
The microscopic stresses and the Cauchy stress are related to each other through the microscopic force balance equation
We impose higher-order boundary conditions, that is, micro-hard and micro-free boundary conditions on complementary parts ∂Ω H and ∂Ω F of the boundary, in the form
The free energy comprises an elastic term Φ e , a defect term Φ d and an isotropic hardening term
where l is an energetic material length scale, and η is a hardening parameter to be specified.
The free-energy imbalance takes the forṁ
Use of the elastic relation (2.7), and the definitions 19) leads to the reduced dissipation inequality
which forms the basis for construction of an associative flow relation.
Flow relation
We define a convex yield function f , a function of the dissipative generalized stress S and the conjugate hardening variable g. The set of admissible generalized stresses is then defined to be those values of S that satisfy the generalized Mises-Hill condition
in which σ 0 is the initial yield stress. The flow relation in local form is theṅ
where λ is a scalar multiplier. The flow relation may be expressed alternatively and equivalently in the terms of the convex and positively homogeneous dissipation function D, given by
then we have
Following [15] , we setη
in which h is the hardening modulus and n is a non-negative parameter. It follows from (2.19)
Later, in the numerical simulations we approximate the dissipation function by [15] 
where δ is a reference strain rate.
Weak formulations We define spaces of displacements V and of plastic strains Q by
Here H 1 (Ω) is the Sobolev space of functions which together with their first derivatives are square-integrable on Ω. The weak form of the equilibrium equation is standard: find u ∈ V that
for all v ∈ V . The weak form of the microforce balance equation is obtained by taking the inner product of (2.12) with arbitrary q ∈ Q, integrating, and integrating by parts the term involving
Here we have also used the fact that q is symmetric and deviatoric. Integrating by parts the middle term of (2.30), we obtain
Using the boundary condition (2.14) and the relations (2.16) and (2.18) we obtain the weak form of the microforce balance equation:
Finally, we substitute for S using the regularized dissipation function in (2.28) to get
The pair of equations (2.29) and (2.33) constitute the weak formulation of the strain gradient problem.
With a view to discrete approximations of the problem we discretize (2.33) in time. The time interval of interest [0, T ] is partitioned with 0 = t 0 < t 1 < · · · < t N = T . Time derivatives are replaced by their backward Euler approximations. We denote a time increment at k + 1 by
so that (2.33) becomes
The stress σ k+1 is evaluated using the elastic relation (2.7).
Global flow relation
The yield condition (2.22) is expressed in terms of the indeterminate generalized stress S, so that the yield condition cannot be determined locally from (2.25). This is resolved by formulating the flow relation in global form, together with microforce balance, and with the flow relation written in terms of the dissipation function. The result is (2.33) or, for the time-discrete problem, (2.35).
The question that then arises is the following: how does one invert this relation to obtain a global flow relation in terms of a yield function? This issue was investigated in [3] for the purely dissipative problem, that is, the problem with ζ = 0 in the present context. The starting point for such an investigation is the global dissipation functional j(Q), defined by
For convenience we set ζ ζ ζ = 0, and define Σ = (σ, 0) .
Then (2.33) can be written in the form
It is important to note that this weak formulation of the flow relation does not imply the local relation Σ = ∂D/∂Γ, which may be inverted to obtain (2.22).
For the global relation we have to follow a different route, and use the property that the global yield and dissipation functions are polar conjugates (see [3] ): that is, the global yield function Φ(Σ) may be obtained from
3)
The global yield fuinction Φ is convex and positively homogeneous. Unfortunately, this function cannot be obtained in closed form [3] . In Section 4.4 we will explore an approximation, in the context of the discrete problem.
Numerical investigation
In this section we carry out a numerical investigation of the response of a composite rectangular block subject to simple shear, using the strain gradient theory presented earlier. The model problem is designed to have a non-homogeneous response, which allows insights beyond those obtained for homogeneous problems such as an infinite strip in tension or shear (see for example [4, 7, 15 ].
The block has height H = 20mm and width W = 55mm. The bottom surface is constrained against displacement while the top surface is subjected to a prescribed uniform displacement u x = ΓH in which the applied shear Γ is applied as the increments ∆Γ = 1s −1 . In addition, the top surface is constrained against displacement in the y-directon (u y = 0). The sides of the block are traction-free, and plane strain conditions are assumed.
Three types of higher-order boundary conditions (BCs) are applied:
• Microfree BCs -plastic flow is unconstrained on all boundaries; that is, Kn + sym[dev(ζ × n)] = 0;
• Microhard BCs -no plastic flow on all boundaries for the duration of the analysis period; that is, ε p = 0;
• Passivation BCs -Plastic flow is unconstrained on all boundaries for a time interval, after which microhard conditions are applied on all boundaries.
Analyses have a duration of 1 second. The parameters used are as listed in Table 1 below, unless otherwise stated.
The non-homogeneous body shown in Figure 1 has two sections: a purely elastic rectangular inclusion, and surrounding material with the elastoplastic properties listed in Table 1 . The inclusion has Young's modulus E 2 = 1000E. A range of results will be presented using this model problem, though in Section 4.2, on the elastic gap, for simplicity we will present results for the homogeneous block which has the elastoplastic properties listed in Table 1 
Elastic gap
We illustrate the elastic gap phenomenon, using for this purpose both the homogeneous block, that is, without the elastic inclusion and the non-homogeneous block as defined earlier.
Results for the three types of boundary conditions are shown in Figure 3 : microfree, microhard, and microfree for the first 0.5s then microhard for the last 0.5s are used for this test with the material length scales L = 0.2H and l = 0. Results are extracted from sampling point B. The imposition of zero plastic strain at 0.5s in the last boundary condition is referred to as passivation.
For both blocks, the simulations corresponding to microhard and microfree BCs lead to quite distinct responses, as expected, whilst the curve corresponding to passivation shows behaviour in line with the elastic gap phenomenon, though with slopes somewhat smaller than the elastic slope. This departure could be ascribed to the use of a viscoplastic regularization of the rate-independent dissipation function. Moreover, for the non-homogeneous block we observe that even though the passivation curve does not reach the microhard curve within the range considered, the elastic gap has a slope that is much closer to the elastic slope as compared to the homogeneous block.
Strengthening and hardening
Strengthening refers to the increase of the limit of proportionality, or the threshold for the onset of plastic flow, whilst hardening is associated with the increase in the stress required to obtain a given plastic shear. In the context of strain gradient theories, strengthening is generally associated with dissipative models while hardening depends on the magnitude of the energetic length scale (see for example [4, 8, 16] ) for investigations in the context of problems undergoing homogeneous deformation). These features are illustrated here for the model problem, with stress values sampled at point B in Figure 1 . 
Approximation of the global flow relation
In Section 3 we formulated an expression for the global flow relation as a function of the Cauchy stress σ. The supremum or least upper bound that characterises the yield function Φ in equation (3. 3) cannot be determined in closed form.
Turning to a finite element approximation of (3.3), we make use of the conforming approximations of the displacement u and plastic strain ε p that form the basis for the results in this section. We set
where p and d are respectively the global degrees of freedom of ε p and u, N and N are matrices of shape functions, and B and B matrices of shape function derivatives. Then (3.3) becomes, for the discrete problem,
Here the discrete form of the global dissipation function, as a function of arbitrary degrees of freedom q, is given by
where the pointwise matrix K is defined by K(x) = N T N + 2 B T B , and the global vector of nodal stresses s is given by
Explicit determination of the least upper bound on the righthand side of (4.2) would give the discrete version of the yield function in terms of the global vector of nodal stresses. Unfortunately, this cannot be evaluated in closed form. It has been shown in [3] that one has the upper bound Φ(s) ≤ σ
Here we explore numerically an upper-bound approximation to the global yield function for the discrete problem, by choosing q = s in (4.2): this gives
The function Φ would be expected to predict first yield earlier than when it actually occurs.
We present results on the global yield approximation in We have given an indication of the variation in stresses with position and type of boundary condition. Similar behaviour has been observed for the two types of boundary conditions: the shear stress is dominant, and the direct stress in the direction transverse to shear has greatest magnitudes at the sides of each domains. Furthermore, the stress magnitudes are significantly higher for the microhard BC results as compared to their corresponding magnitudes in the microfree analysis.
The elastic gap phenomenon has been illustrated for the homogeneous and domains. The gap is clearly evident, though its slope is lower than that corresponding to truly elastic behaviour, possibly as a result of the use of a viscoplastic regularization in the computations.
Strengthening behaviour, corresponding to an increase in the initial yield stress, is clearly evident with increase in the dissipative length scale. This is followed by softening in the case of microfree boundary conditions, whilst for microhard BCs hardening behaviour persists through the rest of the analysis.
Lastly, we have investigated an approximations to the global yield condition that is characteristic of the purely dissipative problem. The yield condition is given as the least upper bound of a functional involving the dissipation function, and the approximation adopted is one in which the arbitrary plastic strain is chosen to be collinear with the vector of nodal stresses. The approximation was found to give a prediction of first yield close to that observed numerically.
The problem studied in this work has provided some novel perspectives on the a model of straingradient plasticity. It would be useful to study this and other more complex problems further, to elucidate features that are possibly not present in one-dimensional problems. Likewise, further investigation of the yield condition would shed light on the somewhat counterintuitive notion of a global condition for yielding, suitable approximations of this global function, and its relationship to yielding as observed in numerical experiments.
